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A good approximation for the minimal algorithm of the euclidian ring of integers 
of (Q(G) is given for the cases d = 2. 7 and 11. These approximations are 
derived from results of H. W. Lenstra, Jr. by computing methods. 
Let A, the ring of integers of the quadratic imaginary field a(&-d). It is 
a classical result that A, is euclidian if and only if d = 1. 2, 3. 7 and 11. 
When d = 1 or 3, the minimal algorithm is well known [ 11; therefore, one is 
only interested in the cases 2, 7 and 11. If d is any of these values, let 
A =A,, K = Q(G) and CC’ = max,,,(min,,, /x - qi), where 1 / is the 
usual absolute value symbol on KC G, i.e., the square root of the norm. The 
values of c are 2/& p/2 and a/3 when d = 2, 7 and 11, respectively. If 
x E A - (O}, let B(x) be the value of the minimal algorithm (0(x) = 0 if x is a 
unit) and let v/(x) = [Log 1 xl/Log c], where [z] denotes the biggest integer 
not greater than z. 
PROPOSITION 1 (cf. [ 1 I). If d = 2, 7 or 11, I// is an algorithm and 0 < 
v(x) - 0(x) < k, where k is respectively 13, 5 or 23. 
The values of k are improved below to 11, 2 and 15. To obtain these 
improvements, one first needs some additional notations: Let rn := inf( 1x1; 
e(x) > n 1, s, = sup{lxl; e(x) < n 1, tn=s,+ l/(c- 1) and z, = 
Log z,,/Log c - n, where Z, and z, are respectively R, and r,, . S, and s, , or 
T,, and t,. 
PROPOSITION 2 (cf. [ 11). (a) For all n, one has s,+, < cs, + 1 and 
r ntl acrn. 
(b) (R,) is non-decreasing and (T,,) is non-increasing. 
* Computation was supported by CNRS (ATP informatique). 
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R + I+? S(R”) h 
as a limit R, (S,) and (T,,) have the same limit S and 
\ . 
COROLLARY. 
e(x) > n impfies [R,] < y(x) - 19(x) < IT,]. 
This corollary is immediate. The computation of all x such that 0(x) = n 
give the values of R,, S, and T, for small n, and the corollary permits one 
to improve Proposition 1 to Theorems 2, 3 and 4 below. If for an n one has 
1 + [R,] = [T,], then 1 + [R] = [S] = [T,]. In fact this occurs when d = 7 
or 11 (Theorem 1). The computing method is sketched below. The resulting 
values of rfi, si (integers), R,, S,, T, are given in Tables I to III; we give 
also under the heading “card” the number of x such that x = 0 or B(x) < n. 
These values yield the following results. 
THEOREM 1. Zfd=7orll, l+[R]=[S]andtheyequal2whend=7 
and 15 when d= 11. 
THEOREM 2. Letd=7andxEA,-(O}. 
(a> 0 < v(x) - e(x) < 2, 
(b) y(x) - f?(x) = 1 or 2 except for 46 values of x listed in Table IV. 
TABLE1 
d=l 
n 2 rn 
2 
S” R, sn T” Card 
0 1 
1 2 
2 4 
3 7 
4 14 
5 28 
6 49 
7 98 
8 175 
9 322 
10 567 
11 1024 
12 1792 
13 3249 
14 5786 
15 10201 
2 
4 
II 
25 
50 
92 
179 
333 
604 
1103 
1969 
3529 
6246 
0 
0.2386 
0.4772 
0.4772 
0.7158 
0.9545 
0.9545 
1.1931 
1.2292 
1.3188 
1.3298 
1.3861 
1.3861 
1.4494 
1.4806 
1.4939 
0 5.0402 
0.2386 4.3844 
0.4772 3.8207 
1.2849 3.6419 
1.7519 3.4748 
1.9906 3.2888 
2.0802 3.0802 
2.2695 3.0137 
2.3788 2.9391 
2.4428 2.8670 
2.5189 2.8376 
2.5544 2.7956 
2.5971 2.7187 
2.6173 2.7547 
3 
13 
29 
61 
121 
229 
431 
779 
1417 
2547 
4553 
8087 
14335 
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(c) 1x1’ > 50 implies y(x) - e(x) = 1 or 2, 
(d) rf n > 3, then there exists an x such that e(x) =: n and 
y(x) - B(x) = 1. 
(e) If n > 6, then there exists an x such that 19(x) =: n and 
l//(x) - e(x) = 2. 
TABLE II 
d= 11 
n ri St R” sn T” Card 
0 1 
1 3 
2 4 
3 9 
4 11 
5 15 
6 20 
1 31 
8 44 
9 55 
10 71 
11 92 
12 115 
13 148 
14 192 
15 245 
16 317 
17 396 
18 484 
19 619 
20 784 
21 993 
22 1225 
23 1541 
24 1908 
25 2332 
26 2931 
27 3635 
28 4477 
29 5549 
30 6809 
31 8427 
32 10356 
33 12851 
34 15763 
1 
3 
5 
9 
15 
25 
21 
37 
53 
75 
93 
115 
155 
191 
251 
313 
405 
500 
639 
804 
1013 
1279 
1593 
1961 
2425 
3015 
3719 
4623 
5680 
704 1 
8625 
10580 
13036 
16091 
0 
4.4747 
4.9083 
7.9494 
1.9494 
8.4950 
8.9286 
10.1125 
10.8577 
10.9697 
11.2422 
11.5334 
11.6454 
11.9026 
12.1996 
12.4144 
12.6983 
12.8071 
12.8071 
13.0331 
13.2107 
13.3883 
13.4347 
13.5783 
13.6428 
13.6428 
13.1923 
13.8548 
13.8931 
13.9628 
13.9825 
14.0449 
14.0721 
14.1478 
14.1656 
0 23.4113 3 
4.4747 23.0846 7 
6.0203 22.523 1 13 
7.9494 22.1529 19 
9.4950 21.8270 29 
I 1.0406 21.6349 41 
10.424 1 20.7690 51 
10.9942 20.3538 75 
11.7851 20.0928 103 
12.5153 19.8817 137 
12.5873 19.4080 171 
12.6454 18.9557 223 
13.1328 18.7730 287 
13.1736 18.3773 367 
13.5349 18.2071 475 
13.6350 17.9096 597 
13.9191 17.7644 755 
13.9692 17.4902 955 
14.1916 17.3642 1209 
14.3362 17.2096 1515 
14.4877 17.0849 1905 
14.6496 16.9920 2317 
14.7437 16.8667 2949 
14.7794 16.7118 3653 
14.8377 16.5915 4547 
14.9229 16.5094 5637 
14.9687 16.4080 6981 
15.0530 16.3532 8631 
15.079 1 16.2593 10663 
15.1495 16.2157 13155 
15.1607 16.1289 16195 
15.1787 16.0570 19937 
15.2190 16.0136 24531 
15.2682 15.9862 30167 
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TABLE III 
d=2 
n 
-. 
0 
1 
2 
3 
4 
5 
6 
7 
8 
9 
IO 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
rf 
1 
2 
4 
8 
16 
24 
32 
48 
64 
128 
176 
256 
352 
512 
704 
979 
I368 
1824 
2564 
3456 
4608 
6144 
8192 
11696 
15851 
21248 
1 
3 
9 
12 
2s 
41 
59 
89 
137 
193 
274 
393 
561 
779 
1074 
1475 
2034 
277 I 
3762 
5049 
6849 
9234 
12433 
16754 
22403 
R,, 
0 
1.4094 
2.8188 
4.2283 
5.6377 
6.047 I 
6.047 1 
6.4565 
6.4565 
7.8659 
7.9729 
8.2754 
8.3823 
8.6848 
8.7918 
8.9380 
9.1010 
9.1010 
9.2847 
9.3225 
9.3225 
9.3225 
9.3225 
9.5603 
9.6169 
9.6355 
S” T” 
-~~ 
Card 
0 13.9745 3 
2.8188 13.6249 9 
5.6377 13.6249 17 
5.6377 12.9578 31 
7.1890 12.9578 53 
7.9086 12.7605 85 
8.1738 12.4188 133 
8.6028 12.2309 197 
9.1021 12.1591 293 
9.2934 11.9495 417 
9.51 16 I I .8035 593 
9.7653 11.7273 849 
lo.0025 11.6801 I193 
10.1436 11.5919 1661 
10.2599 11.5115 2291 
10.3628 Il.4442 3139 
10.4798 II.41 10 4299 
10.5546 Il.3598 5861 
10.6174 II.3140 7969 
10.6402 II.2455 10807 
10.7001 13.2229 14623 
10.7387 Il.1913 19753 
10.7727 1 1.1645 26635 
10.8095 11.1483 35869 
10.8195 11.1135 48237 
THEOREM 3. Let d= 11 andxEA,, ~ (O}. 
(a) 0 < I&) - 0(x) < 15. 
(b) y(x) - Q(x) = 14 or 15 exceptfor 3036 values of x. 
(c) /xl2 > 6810 implies y(x) - C?(x) = 14 or 15. 
(d) If n > 18, then there exists x such that 0(x) = n and 
i//(x) - B(x) = 14. 
(e) If n > 21, then there exists s such that B(x) = n and 
y(x) - e(x) = 15. 
THEOREM 4. Let d = 2 and x E AZ - (O}, 
(a) 0 < y(x) - e(x) < 11, 
(b) +) - B(x) = 9, 10 or 11 except for 774 values of x. 
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TABLE IV 
d=l 
qd=e=o: (*l,O) 
l$=e= 1: (*l/2, *l/2) 
d=O=2: (12.0),(13/2,*1/2) 
#=8=3: (~3,0),(0,~1).(~1.~1).(~5/2,~1/2) 
b = 6’= 4: (zk4, O), (zk3, * 1). (&7/2. zt l/2), (k l/2. k3/2) 
4 = 8= 5: (0. k2). (+7/2. zt3/2) 
$=0=6: (k7.0) 
(c) /x/* > 997 implies v/(x) - O(x) = 9, 10 or 11, 
(d) If n > 12, then there exists an x such that O(x) == n and 
v/(x) - f?(x) = 10, 
(e) If there is an x such that y(x) - O(x) = 11, then 8(x) > 3 1 and 
v/(x) 2 42. 
Remarks. (1) Part (e) of Theorem 4 follows from .S24 by 
Proposition 2(a), which shows that S, < 11 for n ,< 30. 
(2) Theorem 1 and the assertions (d) and (e) show that the Theorems 
2 and 3 are best possible. However, in Theorem 4, [S] is close to 11, so the 
computation was too long to be performed. 
(3) These computations were made on the CIRCE’s IBM 370-168 
computer. The total time of computation was less than 9 min. (6 min. 20 sec. 
for the case d = 2 alone). The tables of x such that 0(x) = n with n < 13 
(d = 7), 33 (d = 1 l), 24 (d = 2) are available on punched cards; the listings 
of the 3036 exceptions of Theorem 3 and of the 774 exceptions of Theorem 4 
are also available. 
Conjecture. S = 1 + R in all three cases. 
This is false when d = 1 or 3; in these cases R = 0 and S is respectively 
Log lo/Log 2 1 3,32 and Log(21/4)/Log 3 N 1,51 but the situation is very 
different because of the existence of more than two units. 
Sketch of Programming Methods. We suppose that all x such that 
0(x) < n. rfi and si-, are known. When the integer N increases from rf, to 
(c-s,-, + 1)2, 
(a) One tests if N is a norm and computes the x’s such that (xl’ = N; 
(b) For all those x’s, one tests 0(x) < n; if so, one continues to the 
subsequent x; 
(c) If B(x) > n and 1x1 < cr,, one has 19(x) = n; 
(d) If 19(x) > n and Ix/ > cr,, one computes, in the ideal Ax, the least 
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positive real number e and an element a + ib whose b is minimal among the 
strictly positive ones; every integer is congruent modulo x to an integer of 
the form a + i/3 with Ia( < e/2 and IpI < b/2 (the numbers a, p, a, b are not 
necessarely integers). 
For each of those a + ip one tests the existence of a q E Ax such 
B(a + i/l + q) < n; there are only a finite number of q to be considered, 
because of the finiteness of the set of x’s such that B(x) < n. The search for q 
is much more rapid if one notices that most of the time the same q can be 
used for a + i/? and a + ip + 1. One has B(x) = n if there exists q such that 
@a + i/3 + q) < n for each a + ip. 
(4 ri+, and si are the values of N which correspond to the first (resp. 
the last) x for which 0(x) > n (resp. 0(x) = n). 
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